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BILINEAR FORMS ON WEIGHTED BESOV SPACES
CARME CASCANTE AND JOAN FA`BREGA
Abstract. We compute the norm of some bilinear forms on products of weighted
Besov spaces in terms of the norm of their symbol in a space of pointwise multi-
pliers defined in terms of Carleson measures.
1. Introduction
The object of this paper is the study of some bilinear forms on products of
weighted holomorphic Besov spaces, and their relationship with Hankel operators
and weak products.
If ϕ and ψ are measurable functions on D (on T if t = 0) such that ϕψ ∈ L1(dνt),
let
(1.1) 〈〈ϕ, ψ〉〉t :=
∫
D
ϕψdνt, t > 0, 〈〈ϕ, ψ〉〉0 :=
∫
T
ϕψdσ.
Here, for t > 0, we write dνt(z) := t(1 − |z|
2)t−1dν(z), where dν is the normalized
Lebesgue measure on the unit disk D, and dσ denotes the normalized Lebesgue
measure on the circle T.
We also consider the pairings
(1.2) 〈h, b〉t := lim
r→1−
〈〈h(rz), b(rz)〉〉t,
whose domain is the subset of H × H for which the limit exists. In particular, if
either b ∈ H ∩L1(dνt), t > 0, or b ∈ H
1, t = 0, then we have that for any h ∈ H(D),
〈h, b〉t = 〈〈h, b〉〉t.
In this paper we compute the norm of the bilinear form Λb(f, g) := 〈fg, b〉t defined
on products of weighted Besov spaces with weights of Be´kolle´ type, in terms of the
norm of b in a space of pointwise multipliers related to these Besov spaces.
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Let us precise these results. Throughout the paper we denote by H := H(D)
(resp. H(D)) the space of holomorphic functions on the unit disk D (resp. on a
neighborhood of D).
If 1 < p < ∞ and t > 0, the Be´kolle´ class Bp,t consists of non-negative functions
θ ∈ L1(dνt) such that the measures dµt := θdνt and dµ
′
t := θ
−p′/pdνt satisfy the so
called Bp condition
Bp,t(θ) : = sup
z∈D
(
µt(Tz)
νt(Tz)
)1/p(
µ′t(Tz)
νt(Tz)
)1/p′
<∞,
where p′ is the conjugate exponent of p,
Tz := {w ∈ D : |1− wz/|z|| < 2(1− |z|
2)}, z 6= 0, and T0 := D.
If 1 ≤ p < ∞, s ∈ R, θ ∈ Bp,t and dµt = θdνt, then the Besov space B
p
s (µt)
consists of holomorphic functions f on D satisfying
‖f‖p
Bps (µt)
:=
∫
D
∣∣(1 +R)ksf(z)∣∣p (1− |z|2)(ks−s)p dµt(z) <∞.
Here, ks := min{k ∈ N : k > s} and R denotes the radial derivative.
As it happens for the unweighted case, if we replace ks by another non-negative
integer k > s we obtain equivalent norms (see for instance [7, Section 3]). In
particular, if s < 0, then we can take k = 0, and thus we have that Bps (µt) =
H ∩ Lp(µt−sp).
The classical unweighted Besov space Bps corresponds to B
p
s (µ0), where dµ0(z) =
dν(z)
1−|z|2
. Observe that this space is already included in the scale of weighted Besov
spaces we have considered, simply because Bps (µ0) = B
p
s+t/p(νt) for any t > 0. In
order to recover some well-known results for the unweighted case and the pairing
〈·, ·〉0, we write Bp,0 = {1}.
Definition 1.1. The space CBps (µt) consists of the functions g ∈ B
p
s (µt) for which
‖g‖CBps (µt) := sup
06=f∈Bps (µt)
‖f(1 +R)ksg‖Bps−ks(µt)
‖f‖Bps (µt)
is finite.
The space CBps (µt) can be described either in terms of Carleson masures or in
terms of pointwise multipliers. Indeed,
(i) b ∈ CBps (µt) if and only if the measure
dµb(z) := |(1 +R)
ksb(z)|p (1− |z|2)(ks−s)p dµt(z),
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is a Carleson measure for Bps (dµt), that is, if and only if the embedding
Bps (µt) ⊂ L
p(dµb) is continuous.
(ii) b ∈ CBps (µt) if and only if (1 + R)
ksb ∈ Mult(Bps (µt) → B
p
s−ks
(µt)), where
Mult(Bps (µt)→ B
p
s−ks
(µt)) denotes the space of pointwise multipliers from
Bps (µt) to B
p
s−ks
(µt).
When t = 0, that is for the unweighted case, we simply denote the space CBps (µ0)
by CBps .
The spaces CBps appear naturally when dealing with some problems on operators
on Bps . For instance, it is well known that Mult(B
p
s ) = H
∞ ∩CBps . In some special
cases it is not difficult to give a full description of the space CBps . If s > 1/p, then
Bps is a multiplicative algebra and CB
p
s = B
p
s . If s < 0, then it is easy to check
that CBps coincides with the Bloch space B
∞
0 . Different type of characterizations
of the spaces CBps , for 0 ≤ s ≤ 1/p, have been obtained by several authors (see for
instance [14], [1], [13], [3], [7], [8] and the references therein).
One of the main results of this paper is the following theorem.
Theorem 1.2. Let 1 < p < ∞, 0 < s < 1, t ≥ 0 and θ ∈ Bp,t. For b ∈ H(D) the
following assertions are equivalent:
(i) b ∈ CBps (µt).
(ii) Γ1(b) := sup
06=f,g∈H(D)
|〈〈|fg|, |(1 +R)b|〉〉t+1|
‖f‖Bps (µt)‖g‖Bp′
−s(µ
′
t)
<∞.
(iii) Γ2(b) := sup
06=f,g∈H(D)
|〈fg, b〉t|
‖f‖Bps (µt)‖g‖Bp′
−s(µ
′
t)
<∞.
Moreover, ‖b‖CBps (µt) ≈ Γ1(b) ≈ Γ2(b).
The symbol ≈ means here that each term is bounded by constant times the other
term, with constants which do not depend of the function b.
If b ∈ L1(dνt), then the small Hankel operator h
t
b, t ≥ 0, is defined on H(D) by
htb(f)(z) :=
∫
D
f(w)b(w)
dνt(w)
(1− wz)1+t
, t > 0, h0b(f)(z) :=
∫
T
f(ζ)b(ζ)
1− ζz
dσ(ζ).
Notice that, by Fubini’s theorem, if f, g ∈ H(D), then
〈
g, htb(f)
〉
t
= 〈fg, b〉t.
Thus, we have Γ2(b) = ‖h
t
b‖L(Bps (µt)→Bps (µt)).
In the above theorem we compute the norm of the bilinear forms on the product
Bps (µt) × B
p′
−s(µ
′
t), However, using that the operator (1 + R)
s′ is a bijection from
Bps (µt) to B
p
s−s′(µt), that Bp,t ⊂ Bp,t+t0 , t0 ≥ 0 and
(1.3) Bps (µt) = B
p
s+t0/p
(µt+t0),
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we can use Theorem 1.2 to compute norms of bilinear forms on products Bps0(µt0)×
Bp
′
s1(µ
′
t1) for some particular choices of the indexes s0, s1, t0 and t1. For instance,
we have:
Corollary 1.3. Let 1 < p < ∞, t0, t1 ≥ 0, θ ∈ Bp,t0 and s0 ∈ R. For s1 ∈ R
satisfying s0 + s1 < 0 and 0 <
s0
p′
− s1
p
< 1, let t = t0 − s0 − s1.
Then we have
‖Rt−t11+t b‖CBp
s0/p
′−s1/p
(µt) ≈ sup
06=f,g∈H(D)
|〈fg, b〉t1|
‖f‖Bps0(µt0 )‖g‖Bp
′
s1
(µ′t0
)
,
where Rt−t11+t is a fractional differential operator of order t− t1 (see (2.5)).
For s0, s1 < 0 we prove the following result:
Theorem 1.4. If 1 < p <∞, t ≥ 0, θ ∈ Bp,t and s0, s1 < 0, then
‖b‖B∞
−s0−s1
≈ sup
06=f,g∈H(D)
|〈fg, b〉t|
‖f‖Bps0 (µt)‖g‖Bp
′
s1
(µt)
.
The results in Theorem 1.2 for the unweighted case are stated in a different
formulation by different authors. For instance, see [13] and [15] for the case p = 2,
and [5] for p 6= 2. See also the references therein. The proof of our results follow
some of the ideas used in [15], modifying the Hilbert techniques valid only for the
case p = 2 in order to cover the weighted case and p 6= 2. Our approach permit us
to compute the norms of the bilinear form on Bps0(µt) × B
p′
s1(µ
′
t) only when s0 < 0
or s1 < 0. It seems more difficult to compute this norm for the cases s0, s1 > 0.
Some results for the unweighted case and p = 2 can be found for instance in [15] (
s0 > s1) and in the recent papers [2] and [8] (s0 = s1 = 1/2).
As it happens in the unweighted case (see for instance [13], [9], [3]), from the
equivalences between (i) and (ii) in Theorem 1.2, we obtain the following duality
result for weak products.
Theorem 1.5. Let 1 < p <∞, t ≥ 0 and θ ∈ Bp,t. If we consider the pairing 〈·, ·〉t,
we then have:
(i) If 0 < s < 1, then (Bps (µt)⊙B
p′
−s(µ
′
t))
′ ≡ CBps (µt).
(ii) If s0, s1 < 0, then
(
Bps0(µt)⊙B
p′
s1(µ
′
t)
)′
≡ B∞−s0−s1, and consequently we have
Bps0(µt) ⊙B
p′
s1
(µ′t) = B
1
s0+s1−t
.
The same arguments used to prove Corollary 1.3 from Theorem 1.2, combining
the above theorem with (1.3), give a description of the dual of Bps0(µt0) ⊙ B
p′
s1(µ
′
t0)
for s0, s1 and t0 satisfying the conditions in Corollary 1.3. These results cover some
well-known results stated in section 5 in [9] for the unweighted case.
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The paper is organized as follows. In Section 2 we give some definitions and we
state some properties of the class of weights in Bp,t and its corresponding weighted
Besov spaces. In Section 3 we obtain estimates of ‖b‖CBps (µt) which in particular
give the proof of Theorem 1.4. Section 4 is devoted to the proof of Theorem 1.2 and
Corollary 1.3. In Section 5, we use our previous results to prove Theorem 1.5.
2. Notations and preliminaries
Throughout this paper, the expression F . G means that there exists a positive
constant C independent of the essential variables and such that F ≤ CG. If F . G
and G . F we will write F ≈ G.
2.1. Differential and integral operators.
We denote the partial derivatives of first order by ∂ :=
∂
∂z
and ∂ :=
∂
∂z
respec-
tively . Let R := z∂ be the radial derivative.
For s, t ∈ R, t > 0 and k a non-negative integer, we consider the differential
operator Rkt of order k defined by
Rkt f :=
(
1 +
R
t+ k − 1
)
· · ·
(
1 +
R
t
)
f.
If we need to specify the variable of differentiation, then we write ∂z, Rz and R
k
t,z,
respectively.
The operators Rkt satisfy the following formula:
(2.4) Rkt
1
(1− zw)t
=
1
(1− zw)t+k
.
Definition 2.1. For N > 0 andM ≥ 0, we consider the following integral operators:
PN,M(ϕ)(z) :=
∫
D
ϕ(w)PN,M(z, w)dν(w), where PN,M(z, w) := N
(1− |w|2)N−1
(1− zw)1+M
.
P
N,M(ϕ)(z) :=
∫
D
ϕ(w)PN,M(z, w)dν(w), where PN,M(z, w) := |PN,M(z, w)|.
We extend the definition to the case N = 0 by writing
P0,M(ϕ)(z) :=
∫
T
ϕ(ζ)
(1− zζ)1+M
dσ(ζ), P0,M(ϕ)(z) :=
∫
T
ϕ(ζ)
|1− zζ |1+M
dσ(ζ).
If N =M , then we denote PN,N and PN,N by PN and PN , respectively.
For N ≥ 0, we also define
KN (∂ϕ)(z) :=
∫
D
∂ϕ(w)KN(w, z)dν(w), where KN(w, z) :=
(1− |w|2)N
(1− zw)N
1
w − z
.
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The weighted Cauchy-Pompeiu representation formula is given by:
Theorem 2.2. Let N ≥ 0 and ϕ ∈ C1(D). Then ϕ(z) = PN (ϕ)(z) +KN (∂ϕ)(z).
Since Rk1+Nf = R
k
1+NP
N (f) = PN,N+k(f), it is natural to extend the definition
of Rkt for a noninteger order by considering
(2.5) Rs1+Nf := P
N,N+s(f), s, N > 0.
Note that by Theorem 2.2 we have∫
D
PN+s,N(w, z)PN,N+s(u, w)dν(w) = PN(u, z).
Therefore, for s > 0 we can define the inverse of Rs1+N by R
−s
1+Nf := P
N+s,N(f).
Let us recall the following estimate.
Lemma 2.3. If q < 2, N > 0, M 6= N − q and z ∈ D, then∫
D
PN,M(w, z)
|w − z|q
dν(w) . (1 + (1− |z|2)N−M−q).
Proof. The case q = 0 is well known (see for instance [16, Lemma 4.2.2 ]). The case
q 6= 0 can be reduced to the case q = 0 using the change of variables w = ϕz(u) :=
z − u
1− uz
. Indeed, we have∫
D
PN,M(w, z)
|w − z|q
dν(w) = (1− |z|2)N−M−q
∫
D
(1− |u|2)N−1
|1− uz|1+2N−M−q
dν(u)
|u|q
,
which ends the proof. 
2.2. Be´kolle´ weights.
In this section we recall some properties of the Be´kolle´ weights Bp,t. We refer
to [4] for more details. Recall that if t > 0 and θ ∈ Bp,t, then dµt = θdνt and
dµ′t = θ
−p′/pdνt.
Since, for any w ∈ Tz, 1− |w|
2 ≤ 4(1− |z|2), we have:
Lemma 2.4. If 1 < p < ∞, 0 < t0 < t1 and θ ∈ Bp,t0, then Bp,t1(θ) . Bp,t0(θ).
Thus, Bp,t0 ⊂ Bp,t1.
The next result was proved in [4, Theorem 1 and Propositions 3, 5]
Theorem 2.5. Let 1 < p < ∞, t > 0 and let θ be a positive locally integrable
function θ on D. Then, the following assertions are equivalent:
(i) θ ∈ Bp,t.
(ii) The integral operator Pt is bounded on Lp(dµt).
(iii) The integral operator P t is bounded on Lp(dµt).
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It is well known that any weight in the Muckenhoupt class Ap satisfies a doubling
condition. Similarly to what happens for these classes of weights, any weight in Bp,t
satisfies a doubling type condition with respect to tents.
We also have a characterization of weights in Bp,t in terms of the kernels P
t,M ,
which is analogous to the one satisfied for the weights in Ap (see [12], [6]).
Proposition 2.6. Let 1 < p <∞, t > 0 and θ ∈ Bp,t. We then have:
(i) The measure µt satisfies the following doubling type measure condition:
if 0 < r1 < r2 < 1 and ζ ∈ T, then
µt(Tr1ζ)
µt(Tr2ζ)
≤ Bp,t(θ)
p
(
νt(Tr1ζ)
νt(Tr2ζ)
)p
≈ Bp,t(θ)
p
(
1− r1
1− r2
)(1+t)p
.
(ii) If M > (1 + t)(max{p, p′} − 1), the following equivalence holds:
Bp,t(θ) . sup
z∈D
(1− |z|2)M
(
P
t,t+M(θ)(z)
)1/p (
P
t,t+M(θ−p
′/p)(z)
)1/p′
. Bp,t(θ)
2.
Proof. Part (i) follows easily from Ho¨lder’s inequality and the fact that θ ∈ Bp,t.
Indeed, the embedding Tr2ζ ⊂ Tr1ζ gives
νt(Tr2ζ) ≤
(∫
Tr2ζ
dµt
)1/p(∫
Tr1ζ
dµ′t
)1/p′
≤ µt(Tr2ζ)
1/pBp,t(θ) νt(Tr1ζ)
(µt(Tr1ζ))
1/p
.
Since νt(Trζ) ≈ (1− r)
1+t, we conclude the proof.
In order to prove (ii) it is enough to prove the following estimates, valid for z ∈ D:
µt(Tz)
νt(Tz)
. (1− |z|2)MPt,t+M(θ)(z) . Bp,t(θ)
pµt(Tz)
νt(Tz)
,(2.6)
µ′t(Tz)
νt(Tz)
. (1− |z|2)MPt,t+M(θ−p
′/p)(z) . Bp,t(θ
−p′/p)p
′ µ′t(Tz)
νt(Tz)
.(2.7)
Observe that (2.7) follows from (2.6) since θ ∈ Bp,t if and only if θ
−p′/p ∈ Bp′,t.
The estimate on the left hand side of (2.6) is valid for any M > 0 and t > 0, and
follows from
µt(Tz)
νt(Tz)
=
1
νt(Tz)
∫
Tz
θdνt . (1− |z|
2)M
∫
Tz
θ(w)
|1− wz¯|1+t+M
dνt(w)
= (1− |z|2)MPt,t+M (θ)(z).
Let us prove the estimate on the right hand side of (2.6). If z = 0 then T0 = D
and thus the result is clear. If z 6= 0 then let ζ = z/|z| and Jz the integer part of
− log2(1− |z|). Consider the sequence {zk} ⊂ D defined by
zk = (1− 2
k(1− |z|))ζ if k = 0, 1, . . . , Jz, and zk = 0 if k > Jz.
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Observe that z0 = z and that 1− |zk|
2 ≈ |1− wz| for w ∈ Tzk \ Tzk−1 . Therefore,
(1− |z|2)MPt,t+M (θ)(z) = (1− |z|2)M
Jz+1∑
k=0
∫
Tzk\Tzk−1
θ(w) dνt(w)
|1− wz|1+t+M
.
Jz+1∑
k=0
(1− |z|2)M
(2k(1− |z|2))1+t+M
µt(Tzk).
By the doubling property (i), we have
µt(Tzk) . Bp,t(θ)
p (1− |zk|)
(1+t)p
(1− |z|)(1+t)p
µt(Tz) ≈ Bp,t(θ)
p2k(1+t)pµt(Tz).
Since M > (1 + t)(p− 1) and νt(Tz) ≈ (1− |z|
2)1+t we obtain
(1− |z|2)MPt,t+M(θ)(z) . Bp,t(θ)
pµt(Tz)
νt(Tz)
,
which concludes the proof of the right hand side estimate in (2.6). 
As a consequence of the above proposition and the estimate 1− |w|2 ≤ 2|1− zw|,
we obtain:
Corollary 2.7. If 1 < p <∞, t ≥ 0, N > 0, M > (1 + t+N)(max{p, p′} − 1) and
θ ∈ Bp,t, then
sup
z∈D
(1− |z|2)M
(
P
t+N,t+N+M(θ)(z)
)1/p (
P
t+N,t+N+M(θ−p
′/p)(z)
)1/p′
. Bp,t(θ)
2.
2.3. Weighted Besov spaces.
In this section we recall some properties of the weighted Besov spaces Bps (µt)
introduced in Section 1.
The next result is well known for the unweighted case (see for instance [17, Chap-
ters 2, 6]). The proof for the weighted Besov spaces can be done following the same
arguments used to prove Theorem 3.1 in [7].
Proposition 2.8. Let 1 < p < ∞, s ∈ R, t ≥ 0 and θ ∈ Bp,t. If k > s is a
nonnegative integer, then∫
D
|Dkf(z)|p(1− |z|2)(k−s)pdµt(z) and
k∑
m=0
∫
D
|∂kf(z)|p(1− |z|2)(k−s)pdµt(z)
provide equivalent norms on Bps (µt), where D
k is either (1 +R)k or RkL.
The next embedding relates weighted and unweighted Besov spaces.
Lemma 2.9. If 1 < p <∞, s ∈ R, t ≥ 0 and θ ∈ Bp,t, then B
p
s (µt) ⊂ B
1
s−t.
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Proof. Since for any positive integer k we have Bps (µt) = (1 + R)
−kBps−k(µt) and
B1s−t = (1 +R)
−kB1s−t−k, it is sufficient to prove the above embedding for s < 0.
In this case, Ho¨lder’s inequality gives
‖f‖B1s−t ≤
(∫
D
|f |pdµt−sp
)1/p(∫
D
dµ′t
)1/p′
,
which proves the result. 
In order to state a duality relation between weighted Besov spaces, we need the
next lemma.
Lemma 2.10. The pairing 〈·, ·〉δ defined in (1.2) satisfies that for f, g ∈ H(D):
(i) 〈f, g〉δ =
〈
f, Rkδ+1g
〉
δ+k
=
〈
Rkδ+1f, g
〉
δ+k
.
(ii) If τ ∈ R then we have 〈f, g〉δ = 〈(1 +R)
τf, (1 +R)−τg〉δ.
Proof. Let us prove (i) for k = 1, that is
〈f, g〉δ =
〈
f,
(
1 +
R
δ + 1
)
g
〉
δ+1
=
〈(
1 +
R
δ + 1
)
f, g
〉
δ+1
.
Observe that the second equality can be deduced from the first one by conjugation.
If δ = 0, then Stokes’ theorem gives
〈f, g〉0 =
1
2pii
lim
r→1−
∫
T
f(rζ)g(rζ) ζdζ = lim
r→1−
∫
D
∂
(
zf(rz)g(rz)
)
dν(z)
= lim
r→1−
∫
D
f(rz)((1 +R)g)(rz) dν(z) = 〈f, (1 +R)g〉1.
The case δ > 0 follows from the identity
δ(1− |z|2)δ−1 = (δ + 1)(1− |z|2)δ − ∂
(
z(1− |z|2)δ
)
,
and integration by parts.
A simple iteration of these identities gives (i).
Assertion (ii) follows from the facts that (1 + R)τzm = (1 + m)τzm and that
〈zk, zm〉δ = 0, k 6= m. 
The next result extends the well known duality (Bps )
′ ≡ Bp
′
−s for the case t = 0
(see [10]).
Proposition 2.11. Let 1 < p <∞, t ≥ 0 and θ ∈ Bp,t. If s ∈ R, then, the dual of
Bps (µt) with respect to the pairing 〈·, ·〉t is the Besov space B
p′
−s(µ
′
t).
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Proof. As in the unweighted case, from the duality (Lp(µt))
′ ≡ Lp
′
(µ′t), with respect
to the pairing 〈〈·, ·〉〉t+1, Theorem 2.5 and the Hahn-Banach theorem, we obtain(
Bp−1/p(µt)
)′
= (H ∩ Lp(µt))
′ ≡ H ∩ Lp
′
(µ′t) = B
p′
−1/p′(µ
′
t),
with respect to the pairing 〈〈·, ·〉〉t+1, and consequently with respect to the pairing
〈·, ·〉t+1.
Next, we use the above result and Lemma 2.10 to prove the general case.
If g ∈ Bp
′
−s(µ
′
t) and f ∈ B
p
s (µt), then
|〈f, g〉t| = |〈R
1
tf, g〉t+1| ≤ ‖g‖Lp′(µ′
sp′+t
)‖R
1
t f‖Lp(µ(1−s)p+t) ≈ ‖g‖Bp′
−s(µ
′
t)
‖f‖Bps (µt).
Thus, the map g → 〈·, g〉t is an injective map from B
p′
−s(µ
′
t) to (B
p
s (µt))
′.
Let us prove that this map is surjective. If Λ is a linear form on Bps (µt), then
Λ◦(1+R)−s−1/p is also a linear form on Bp−1/p(µt). Thus, there exists g ∈ B
p′
−1/p′(µ
′
t)
such that for any h ∈ Bp−1/p(µt),
Λ ◦ (1 +R)−s−1/p(h) = 〈h, g〉t+1 = 〈(1 +R)
−s−1/ph, (1 +R)s+1/pg〉t+1
= 〈(1 +R)−s−1/ph,R−11+t(1 +R)
s+1/pg〉t,
where in the second identity we have used (ii) in Lemma 2.10 and in the last one (i)
in the same lemma.
Since for any f ∈ Bps (µt), we have that h = (1 + R)
s+1/p(f) ∈ Bp−1/p(µt), we
deduce that Λ(f) = 〈f,G〉t with G := R
−1
1+t(1 +R)
s+1/pg ∈ Bp
′
−s(µ
′
t). 
Corollary 2.12. Let 1 < p < ∞, t′ > t ≥ 0 and θ ∈ Bp,t. If s ∈ R, then
(Bps (µt))
′ = Bp
′
−s+t−t′(µ
′
t) with respect to the pairing 〈·, ·〉t′.
In particular, if t = 0, then (Bps )
′ ≡ Bp
′
−s−t′, with respect to the pairing 〈·, ·〉0.
Proof. By the above proposition, we have
(Bps (µt))
′ ≡
(
Bps+(t′−t)/p(µt′)
)′
≡
(
Bp
′
−s−(t′−t)/p(µ
′
t′)
)
=
(
Bp
′
−s+t−t′(µ
′
t)
)
which ends the proof. 
3. Estimates of ‖b‖CBps (µt) and proof of Theorem 1.4
We introduce a variation in the definition of the constants Γ1(b) and Γ2(b) in
Theorem 1.2, which allow us to cover some general situations.
Definition 3.1. If 1 < p <∞, s0, s1 ∈ R, t ≥ 0, θ ∈ Bp,t and b ∈ H, then
Γ3(b) = Γ(b, p, s0, s1, t) := sup
06=f,g∈H(B)
|〈fg, b〉t|
‖f‖Bps0(µt) ‖g‖Bp
′
s1
(µ′t)
.
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We will start proving the following theorem.
Theorem 3.2. Let 1 < p < ∞, s0, s1 ∈ R, t ≥ 0 and θ ∈ Bp,t. Then ‖b‖B∞
−s0−s1
.
Γ3(b).
If s0, s1 < 0, then the converse inequality holds.
The proof of this result will be a consequence of Lemmas 3.4 and 3.6.
Lemma 3.3. Let 1 < p <∞, s0, s1 ∈ R, t ≥ 0 and θ ∈ Bp,t. Let
(3.8) τ > λ := (1 + t)(max{p, p′} − 1) + max{0,−s0p,−s1p
′}.
For z ∈ D, we consider the functions
fz(w) =
1
(1− wz)(1+t+τ)/p
and gz(w) =
1
(1− wz)(1+t+τ)/p′
.
Then
‖fz‖Bps0 (µt) ‖gz‖Bp
′
s1
(µ′t)
. Bp,t(θ)
2(1− |z|2)−τ−s0−s1 .
Proof. If m > s0 is a non-negative integer, then
‖fz‖
p
Bps0 (µt)
≈
∫
D
(1− |w|2)t+(m−s0)p−1
|1− zw|1+t+τ+mp
θ(w)dν(w).
Analogously, if m > s1, then
‖gz‖
p′
Bp
′
s1
(µ′t)
≈
∫
D
(1− |w|2)t+(m−s1)p
′−1
|1− zw|1+t+τ+mp′
θ−p
′/p(w)dν(w).
Therefore, if N,M satisfy 0 < N < min{(m − s0)p, (m − s1)p
′} and (1 + t +
N)(max{p, p′} − 1) < M < min{kτ + s0p, τ + s1p
′}, then the estimate 1 − |z|2 ≤
2|1− wz| and Corollary 2.7 give
‖fz‖Bps0 (µt)‖gz‖Bp
′
s1
(µ′t)
. (1− |z|2)M−τ−s0−s1
(
P
t+N,t+N+M (θ)(z)
)1/p (
P
t+N,t+N+M (θ−p
′/p)(z)
)1/p′
. Bp,t(θ)
2(1− |z|2)−τ−s0−s1,
which ends the proof. 
Lemma 3.4. Let 1 < p < ∞, s0, s1 ∈ R, t ≥ 0, θ ∈ Bp,t and b ∈ H. Then
‖b‖B∞
−s0−s1
. Γ3(b).
Proof. We want to prove that for some positive integer k, we have
‖b‖B∞
−s0−s1
≈ sup
z∈D
(1− |z|2)k+s0+s1|Rk1+tb(z)| . Γ3(b).
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By Cauchy formula, we have
Rk1+tb(z) = t lim
r→1−
Rk1+t
∫
D
b(rw)
(1− |w|2)t−1
(1− rzw)1+t
dν(w)
= t lim
r→1−
∫
D
b(rw)
(1− |w|2)t−1
(1− rzw)1+t+k
dν(w).
Assume that k is a positive integer satisfying (3.8), and let
fz(w) =
1
(1− wz)(1+t+k)/p
and gz(w) =
1
(1− wz)(1+t+k)/p′
.
Since |Rk1+tg(z)| = |〈fzgz, b〉t|, Lemma 3.3 gives
|Rk1+tb(z)| ≤ Γ3(b)‖fz‖Bps0 (µt) ‖gz‖Bp
′
s1
(µ′t)
. Γ3(b)(1− |z|
2)−k−s0−s1,
which concludes the proof. 
Corollary 3.5. Let 1 < p < ∞ and 0 < s < 1. If b satisfies condition (iii) in
Theorem 1.2, that is Γ3(b, p, s,−s, t) <∞, then b ∈ B
p
s (µt) ∩B
∞
0 .
Proof. The above lemma gives b ∈ B∞0 . The fact that b ∈ B
p
s (µt) follows from
the estimate |〈g, b〉t| ≤ Cb‖1‖Bps (µt)‖g‖Bp′
−s(µ
′
t)
and the duality result in Proposition
2.11. 
Lemma 3.6. If 1 < p <∞ and s0, s1 < 0, then Γ3(b) . ‖b‖B∞
−s0−s1
.
Proof. Let k be a positive integer such that k > −s0 − s1. Then
|〈fg, b〉t| = |〈fg, R
k
1+tb〉t+k| . ‖b‖B∞−s0−s1
‖fg‖L1(dνt−s0−s1 )
≤ ‖b‖B∞
−s0−s1
‖f‖Lp(θdνt−s0p)‖g‖Lp′(θ−p′/pdνt−s1p′ )
≈ ‖b‖B∞
−s0−s1
‖f‖Bps0(µt) ‖g‖Bp
′
s1
(µ′t)
,
which ends the proof. 
Proof of Theorem 1.4. The proof is an immediate consequence of Lemmas 3.4 and
3.6. 
Theorem 3.7. Let 1 < p < ∞, s < 1, t ≥ 0 and θ ∈ Bp,t. Then, CB
p
s (µt) ⊂
Bps (µt) ∩ B
∞
0 . If s < 0, then CB
p
s (µt) = B
∞
0 .
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Proof. The first inclusion follows from the same arguments used to prove Lemma
3.4. For a non-negative integer k > s which we precise later, we have
|Rk1+t+(1−s)p(I +R)b(z)| = |R
k
1+t+(1−s)pP
t+(1−s)p((I +R)b)(z)|
= |P t+(1−s)p,t+(1−s)p+k((I +R)b)(z)|
≤
(∫
D
(1− |w|2)(1−s)p+t−1|(I +R)b(w)|p
|1− wz|1+t+(1−s)p+k
θ(w)dν(w)
)1/p
·
(∫
D
(1− |w|2)(1−s)p+t−1
|1− wz|1+t+(1−s)p+k
θ−p
′/p(w)dν(w)
)1/p′
. ‖b‖CBps (µt)
(∫
D
(1− |w|2)(1−s)p+t−1
|1− wz|1+t+(1−s)p+k+p
θ(w)dν(w)
)1/p
·
(∫
D
(1− |w|2)(1−s)p+t−1
|1− wz|1+t+(1−s)p+k
θ−p
′/p(w)dν(w)
)1/p′
≤ ‖b‖CBps (µt)(1− |z|
2)−1
(
P
t+(1−s)p,t+(1−s)p+k(θ)(z)
)1/p
·
(
P
t+(1−s)p,t+(1−s)p+k(θ−p
′/p)(z)
)1/p′
.
If k > (1 + t+ (1− s)p)(max{p, p′} − 1), then Corollary 2.7 with N = (1− s)p and
M = k, gives |Rk1+t+(1−s)p(I + R)b(z)| . ‖b‖CBps (µt)(1 − |z|
2)−1−k which proves that
b ∈ B∞0 .
Next, if s < 0, then we have ks = 1 and the inequality ‖b‖CBps (µt) . ‖b‖B∞0 follows
from ∫
D
|f(z)|p |(1 +R)b(z)|p (1− |z|2)(1−s)p dµt(z) . ‖b‖
p
B∞0
‖f‖p
Bps (µt)
,
which concludes the proof. 
Remark 3.8. Observe that if 0 < s < 1, 0 < ε < 1− s and ‖g‖B∞s+ε−1 <∞, then
‖gf‖Bps−1(µt) . ‖g‖B∞s+ε−1‖f‖B
p
−ε(µt)
. ‖g‖B∞s+ε−1‖f‖Bps (µt).
Therefore, g ∈Mult(Bps (µt)→ B
p
s−1(µt)). In particular,
B∞0 ⊂ B
∞
s+ε−1 ⊂Mult(B
p
s (µt)→ B
p
s−1(µt)).
This gives that g ∈ CBps (µt) if and only if for some (any) l > 0, (l + R)g ∈
Mult(Bps (µt)→ B
p
s−1(µt)).
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4. Proof of Theorem 1.2 and Corollary 1.3
4.1. Proof of (i) =⇒ (ii) =⇒ (iii) in Theorem 1.2.
The fact that (i) =⇒ (ii) is a consequence of Ho¨lder’s inequality. Indeed, since
0 < s < 1, we have
〈〈|fg|, |(1 +R)b|〉〉t+1 ≤ ‖g‖Lp′(θ−p′/pdνsp′+t)‖f(1 +R)b‖L
p(θdν(1−s)p+t)
≤ ‖g‖
Bp
′
−s(µ
′
t)
‖f‖Bps (µt) ‖b‖CBps (µt).
Clearly (ii) =⇒ (iii) is a consequence of Lemma 2.10 (i). Indeed, if |〈〈|fg|, |(1 +
R)b|〉〉t+1| <∞ for any f, g ∈ H(D), then by Corollary 3.5 (see also Remark 3.8) we
have |〈〈|fg|, |R1t+1b|〉〉t+1| <∞. Thus
|〈fg, b〉t| = |〈fg, R
1
t+1b〉t+1| ≤ |〈〈|fg|, |R
1
t+1b|〉〉t+1|.
which concludes the proof.
Observe that if b ∈ CBps (µt), the above estimates give
(4.9) |〈fg, b〉t| ≤ ‖b‖CBps (µt)‖f‖Bps (µt)‖g‖Bp′
−s(µ
′
t)
.
Thus we have Γ2(b) ≤ Γ1(b) ≤ ‖b‖CBps (µt).
4.2. Proof of (iii) =⇒ (i) in Theorem 1.2 for the unweighted case t = 0.
In the next proposition we use Corollary 3.5 and the weighted Cauchy-Pompeiu’s
formula, to give an easy proof of (iii) =⇒ (i) in Theorem 1.2 for the unweighted
case t = 0. This last case has been proved using different methods in [13] for p = 2
and in [5] for any p > 1. Our approach follows the techniques in [15].
Proposition 4.1. Let 1 < p < ∞ and 0 < s < 1. Assume that b ∈ H satisfies
|〈fg, b〉0| ≤ Cb‖f‖Bps‖g‖Bp′
−s
for any f, g ∈ H(D). Then b ∈ CBps .
Proof. By Lemma 2.9 we have b ∈ Bps ⊂ B
1
0 . Therefore, for f ∈ H(D), the weighted
Cauchy-Pompeiu’s representation formula in Theorem 2.2 gives
(4.10) (1 +R)b(z)f = P1((1 +R)bf) +K1((1 +R)b∂f ).
In order to prove this proposition it is enough to show that the Lp(dν(1−s)p)-norms
of the two terms in the right hand side in (4.10) are bounded by a constant times
‖f‖Bps .
The first term h = P1((1 + R)bf) is a holomorphic function on D. Thus, by
Corollary 2.12, it suffices to prove that |〈h, g〉1| ≤ C‖f‖Bps‖g‖Bp′
−s
for any g ∈ H(D).
By Lemma 2.10, this follows from 〈h, g〉1 = 〈(1 + R)b, fg〉1 = 〈b, fg〉0 and the
hypotheses.
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In order to estimate the Lp(dν(1−s)p)-norm of K
1((1+R)b∂f), note that by Corol-
lary 3.5 we have b ∈ B∞0 . This fact, Ho¨lder’s inequality and the estimates of Lemma
2.3, with ε > 0 small enough to be chosen later on, we have
|K1((1 +R)b∂f )(z)|p ≤ ‖b‖pB∞0
(∫
D
|∂f(w)|
|1− zw||w − z|
dν(w)
)p
≤ ‖b‖pB∞0
∫
D
|∂f(w)|p(1− |w|2)(1−ε)p−1
|1− zw|(1−2ε)p|w − z|
dν(w)
(∫
D
(1− |w|2)εp
′−1
|1− zw|2εp′|w − z|
dν(w)
)p/p′
. ‖b‖B∞0
∫
D
|∂f(w)|p(1− |w|2)(1−ε)p−1
|1− zw|(1−2ε)p|w − z|
dν(w)(1− |z|2)−εp.
Therefore, if 0 < ε < min{s, 1 − s}, then the above estimate, Fubini’s theorem
and Lemma 2.3 give
‖K1((1 +R)b∂f )‖Lp(dν(1−s)p) . ‖b‖B∞0 ‖∂f‖Lp(dν(1−s)p) . ‖b‖B∞0 ‖f‖Bps ,
which ends the proof. 
4.3. Proof of (iii) =⇒ (i) in Theorem 1.2 for the general case.
Observe that if we use the same arguments of the above section to prove the
unweighted case, then in the estimate of Kt+1((1 + R)b ∂f ) we will end up with
integrals of the type
∫
D
(1− |w|2)N−1
|1− zw|1+M |w − z|
θ(w)dν(w),
which are difficult to estimate because we do not have precise information on θ near
the diagonal z = w. One method to avoid this difficulty is based in the use of the
following modification of the Cauchy-Pompeiu’s formula, which on one hand avoid
the singularity on the diagonal and in other hand increases the power of (1− |w|2).
Lemma 4.2. Let t > 0, b ∈ B∞0 and f ∈ H(D). For any integer m ≥ 2, we have
Kt+1((1 +R)b∂f ) = Kt+m0 ((1 +R)b ∂
2f) +Kt+m−11 ((1 +R)b ∂f )
+
m−1∑
j=1
Qt+j((1 +R)bRf ),
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where
Kt+m0 ((1 +R)b∂
2f)(z) := −
∫
D
((1 +R)b∂2f)(w)
(1− zw)t+m
w − z
w − z
dνt+m+1(w),
Kt+m−11 ((1 +R)b∂f )(z) := (t+m)
∫
D
((1 +R)b∂f )(w) (w − z)
(1− zw)t+m+1
dνt+m(w),
Qt+j((1 +R)bRf )(z) :=
∫
D
((1 +R)bRf)(w)
dνt+j+1(w)
(1− zw)t+j+1
.
Proof. Recall that
Kt(w, z) =
(1− |w|2)t
(1− zw)t
1
w − z
.
Since 1 = 1−|w|
2
1−zw
+ w(w−z)
1−zw
, we have
Kt+1((1 +R)b∂f )(z) = Kt+2((1 +R)b∂f )(z) +Qt+1((1 +R)bRf)(z).
Iterating this formula, we obtain
Kt+1((1 +R)b∂f )(z) = Kt+m((1 +R)b∂f )(z) +
m−1∑
j=1
Qt+j((1 +R)bRf )(z).
An easy computation shows that
Kt+m(w, z) =
(1− |w|2)t+m
(1− zw)t+m
1
w − z
= ∂w
(
(1− |w|2)t+m
(1− zw)t+m
w − z
w − z
)
+ (t +m)
(1− |w|2)t+m−1(w − z)
(1− zw)t+m+1
.
Fixed z ∈ D and 0 < ε < 1 − |z|, let Ωz,ε := D \ {w ∈ D : |w − z| < ε}. If we
apply Stokes’ theorem to the region Ωz,ε and let ε→ 0, we obtain
Kt+m((1 +R)b∂f )(z)
= −
∫
D
((1 +R)b∂2f)(w)
(1− |w|2)t+m
(1− zw)t+m
w − z
w − z
dν(w)
+ (t+m)
∫
D
((1 +R)b∂f )(w)
(1− |w|2)t+m−1(w − z)
(1− zw)t+m+1
dν(w),
which concludes the proof. 
Proposition 4.3. Let 1 < p <∞, 0 < s < 1, t > 0 , b ∈ B∞0 , f ∈ H(D) and
ϕf(w) := |∂
2f(w)|(1− |w|2)2−s + |∂f(w)|(1− |w|2)1−s.
Then we have
(4.11) |Kt+1((1 +R)b∂f )(z)| . ‖b‖B∞0 P
t+s,t+1 (ϕf) (z).
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Therefore, if θ ∈ Bp,t, then
(4.12) ‖(1− |z|2)1−sKt+1((1 +R)b∂f )(z)‖Lp(µt) . ‖b‖B∞0 ‖f‖Bps (µt).
Proof. The pointwise estimate (4.11) follows from Lemma 4.2. Since 1 − |w|2 ≤
2|1− zw¯| and |z − w| ≤ |1− zw¯|, then for m ≥ 3, we have
|Kt+1((1 +R)b∂f )(z)|
. ‖b‖B∞0
(
P
t+m−2+s,t+m−1 (ϕf) (z) +
m−1∑
j=1
P
t+j+s−1,t+j (ϕf) (z)
)
. ‖b‖B∞0 P
t+s,t+1 (ϕf ) (z).
In order to prove the Lp(µt)-norm estimate (4.12), from (4.11) we have
(1− |z|2)1−s|Kt+1((1 +R)b∂f )(z)| . ‖b‖B∞0 P
t+s (ϕf) (z)
and thus ‖Pt+s(ϕf )‖Lp(µt) . ‖ϕf‖Lp(µt) . ‖f‖Bps (µt), which is a consequence of
Theorem 2.5 and Proposition 2.8. 
Now we can prove (iii) =⇒ (i) in Theorem 1.2.
Proposition 4.4. If b satisfies condition (iii) in Theorem 1.2, then b ∈ CBps (µt).
Proof. We want to prove that∫
D
|f(z)|p|R1t+1b(z)|
p(1− |z|2)(1−s)pdµt(z) . Cb‖f‖
p
Bps (µt)
.
To do so, by the Cauchy-Pompeiu’s formula in Theorem 2.2,
(4.13) R1t+1b(z)f = P
t+1(R1t+1bf) +K
t+1(R1t+1b∂f ),
we will show that the two terms in the right hand side in (4.13) are both in
Lp(θdν(1−s)p+t) and that these norms are bounded up to a constant by ‖f‖Bps (µt).
Since h = P t+1(f R1t+1b) is a holomorphic function on D, the norm estimate of h
is similar to the one for the unweighted case. Indeed, for g ∈ H(D) Lemma 2.10
gives
|〈h, g〉t+1| = |〈R
1
t+1b, fg〉t+1| = |〈b, fg〉t| ≤ Γ2(b)‖f‖Bps (µt)‖g‖Bp′
−s(µ
′
t)
which, by Corollary 2.12, proves that ‖h‖Lp(θdν(1−s)p+t) ≤ Γ2(b)‖f‖Bps (µt).
Using the Lp(θdν(1−s)p+t)-norm estimate of K
t+1(R1t b∂f ) given in Proposition 4.3,
we conclude the proof. 
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4.4. Proof of Corollary 1.3. Using Bps (µδ) = B
p
s+τ/p(µδ+τ ), for τ > 0, we will
deduce the result from Theorem 1.2.
Let 1 < p < ∞, s0, s1 ∈ R, t0 ≥ 0 and θ ∈ Bp,t0 . Then, for t = t0 − s0 − s1 > t0
we have
Bps0(µt0) = B
p
s0+(−s0−s1)/p
(µt) = B
p
s0/p′−s1/p
(µt), and
Bp
′
s1
(µ′t0) = B
p′
s1/p−s0/p′
(µ′t).
Moreover, since 〈fg, b〉t1 = 〈P
t(fg), b〉t1 = 〈fg,P
t1,tb〉t, we have
|〈fg, b〉t1|
‖f‖Bps0(µt0 ) ‖g‖Bp
′
s1
(µ′t0
)
=
|〈fg,P t1,tb〉t|
‖f‖Bp
s0/p
′−s1/p
(µt) ‖g‖Bp′
s1/p−s0/p
′
(µ′t)
.
Thus, Theorem 1.2, with 0 < s := s0/p
′ − s1/p < 1, gives
‖P t1,tb‖CBp
s0/p−s1/p
′
(µt) ≈ sup
06=f,g∈H(D)
|〈fg, b〉t1|
‖f‖Bps0 (µt0 )‖g‖Bp
′
s1
(µt0 )
,
which concludes the proof.
5. Proof of Theorem 1.5
.
We will determine the predual of CBps (µt) generalizing some results for the un-
weighted case (see for instance [13], [3], [9] and the references therein).
5.1. Weak products and the predual of CBps (µt).
Definition 5.1. Given two Banach spaces X and Y of holomorphic functions on
D, let X ⊙ Y be the completion of finite sums h =
∑M
j=1 fjgj, fj ∈ X, gj ∈ Y , using
the norm
‖h‖X⊙Y := inf
{
N∑
k=1
‖f˜k‖X‖g˜k‖Y :
N∑
k=1
f˜k g˜k = h
}
.
The following well-known proposition, whose proof follows from the own defini-
tions, will be used to prove our duality results.
Proposition 5.2. The norm of a linear form Λ on X ⊙ Y coincides with the norm
of the bilinear form on X × Y on defined by Λ˜(f, g) = Λ(fg).
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5.2. Proof of Theorem 1.5.
Proof. The embedding i : Bp
′
−s(µ
′
t)→ B
p
s (µt)⊙ B
p′
−s(µ
′
t), shows that any linear form
Λ ∈ (Bps (µt) ⊙ B
p′
−s(µ
′
t))
′ produces a linear form Λi = Λ ◦ i on B
p′
−s(µ
′
t), which by
Proposition 2.11 can be expresed as Λi(f) = 〈f, b〉t, for some b ∈ B
p
s (µt).
Consequently, Λ(h) = 〈h, b〉t for h ∈ H(D). Since H(D) is dense in both spaces
Bps (µt) and B
p′
−s(µ
′
t), then it is also dense in B
p
s (µt)⊙B
p′
−s(µ
′
t), and thus the norm of
Λ coincides with the norm of the bilinear form (f, g)→ 〈fg, b〉t on B
p
s (µt)×B
p′
−s(µ
′
t).
Therefore, the equivalence between (i) and (iii) in Theorem 1.2 concludes the proof.
The same arguments used in the first part show that the norm of a linear form Λ
on Bps0(µt)⊙B
p′
s1
(µ′t) is equivalent to the norm of the bilinear form (f, g)→ 〈fg, b〉t,
where b ∈ Bp−s1(µt). By Theorem 3.2 this norm is equivalent to ‖b‖B∞−s0−s1
which
proves the first statement.
The second statement follows from the computation by duality of the norms
‖h‖B1s0+s1−t
and ‖h‖
Bps0 (µt)⊙B
p′
s1
(µ′t)
. Indeed, if h ∈ H(D), then
‖h‖B1s0+s1−t
≈ sup
06=b∈B∞
−s0−s1
|〈h, b〉t|
‖b‖B∞
−s0−s1
≈ ‖h‖
Bps0 (µt)⊙B
p′
s1
(µ′t)
.
Since h ∈ H(D) is dense in both spaces, we obtain the result. 
5.3. Further remarks. Combining Theorem 1.5 with (1.3) we can obtain charac-
terizations of weak products of type Bps0(µt)⊙B
p′
s1(µt) which generalize some of the
results stated in Section 5 in [9].
For instance, if 0 < s < p, then(
Bp0(µt)⊙B
p′
−s(µt)
)′
=
(
Bps/p(µt+s)⊙ B
p′
−s/p(µt+s)
)′
≡ CBps/p(µt+s) = CB
p
0(µt),
with respect to the pairing 〈·, ·〉t+s.
Observe that in the particular case p = 2 and t = 0, we have CB20 = BMOA ≡
(H1−s)
′, with respect to the pairing 〈·, ·〉s. Therefore, the above duality result and
the fact that B2s = H
2
s give H
2 ⊙H2−s = H
1
−s.
This unweighted weak factorization result can be generalized to the case 1 < p < 2.
In this case Bp0 ⊂ H
p, and we have that CBp0 = F
∞,p
0 , where F
∞,p
0 denotes the
Triebel-Lizorkin space of holomorphic functions on D such that the measure dµg(z) =
|∂g(z)|p(1 − |z|2)p−1 is a Carleson measure for Hp, that is µg(Tz) . (1 − |z|
2) for
any z ∈ D (see [11], p.178). Since F∞,p ≡ (F 1,p
′
−s )
′, with respect to the pairing 〈·, ·〉s,
we have Bp0 ⊙ B
p′
−s = F
1,p′
−s . Here, F
1,p′
−s is the Triebel-Lizorkin space of holomorphic
20 CARME CASCANTE AND JOAN FA`BREGA
functions g on D satisfying∫
T
(∫
|1−ζw|<1−|w|2
|g(w)|p
′
(1− |w|2)sp
′−2dν(w)
)1/p′
dσ(ζ) <∞.
References
[1] Arcozzi, N.; Rochberg, R.; Sawyer, E.: Carleson measures for the Drury-Arveson Hardy space
and other Besov-Sobolev spaces on complex balls. Adv. Math. 218 (2008), no. 4, 1107-1180.
[2] Arcozzi, N.; Rochberg, R.; Sawyer, E.; Wick, B.D.: Bilinear forms on the Dirichlet space.
Anal. PDE 3 (2010), no. 1, 21-47.
[3] Arcozzi, N.; Rochberg, R.; Sawyer, E.; Wick, B. D.: Function spaces related to the Dirichlet
space. J. Lond. Math. Soc. (2) 83 (2011), no. 1, 1-18.
[4] Be´kolle´, D.: Ine´galite´s a` poids pour le projecteur de Bergman dans la boule unite´ de Cn. Stud.
Math. 71 (1981), 305-323.
[5] Blasi, D.; Pau, J.: A characterization of Besov-type spaces and applications to Hankel-type
operators. Michigan Math. J. 56 (2008), no. 2, 401-417.
[6] Cascante, C.; Fa`brega, J.; Ortega, J.M.: Toeplitz operators on weighted Hardy and Besov
spaces. Math. Z. 263 (2009), no. 4, 787-812.
[7] Cascante, C.; Ortega, J.M.: Carleson Measures for weighted Besov spaces. Ark. Mat. 49
(2011), no. 1, 31-59.
[8] Cascante, C.; Ortega, J.M.: On a characterization of bilinear forms on the Dirichlet space.
Proc. Amer. Math. Soc. 140 (2012), no. 7, 2429-2440.
[9] Cohn, W.S.; Verbitsky, I.E.: Factorization of tent spaces and Hankel operators. J. Funct.
Anal. 175 (2000), no. 2, 308329.
[10] Luecking, D.H.: Representation and duality in weighted spaces of analytic functions. Indiana
Univ. Math. J. 34 (1985), no. 2, 319-336.
[11] Maz’ya, V. G.; Shaposhnikova, T. O.: Theory of multipliers in spaces of differentiable func-
tions. Monographs and Studies in Mathematics, 23. Pitman (Advanced Publishing Program),
Boston, MA, 1985.
[12] Petermichl, S., Wick, B.: A weighted estimate for the square function on the unit ball. Arkiv
Math. 45 (2007), 337-350
[13] Rochberg, R.; Wu, Z.J.: A new characterization of Dirichlet type spaces and applications.
Illinois J. Math. 37 (1993), no. 1, 101-122.
[14] Stegenga, D. A.: Multipliers of the Dirichlet space. Illinois J. Math. 24 (1980), no. 1, 113-139.
[15] Wu, Z.: A class of bilinear forms on Dirichlet type spaces. J. London Math. Soc. (2) 54 (1996),
no. 3, 498-514.
[16] Zhu, K.H.: Operator theory in function spaces. Monographs and Textbooks in Pure and
Applied Mathematics, 139. Marcel Dekker, Inc., New York, 1990.
[17] Zhu, K.H.: Spaces of holomorphic functions in the unit ball. Graduate Texts in Mathematics,
226. Springer-Verlag, New York, 2005.
Carme Cascante and Joan Fa`brega: Dept. Matema`tica Aplicada i Ana`lisi, Uni-
versitat de Barcelona, Gran Via 585, 08071 Barcelona, Spain
E-mail address : cascante@ub.edu, joan
−
fabrega@ub.edu
